Abstract. We show that homogeneous Einstein metrics on Euclidean spaces are Einstein solvmanifolds, using that they admit periodic, integrally minimal foliations by homogeneous hypersurfaces. For the geometric flow induced by the orbit-Einstein condition, we construct a Lyapunov function based on curvature estimates which come from real GIT.
Recall that a simply-connected solvmanifold is a solvable Lie group endowed with a leftinvariant metric. Theorem A was known for Ricci-flat homogeneous spaces [AK75] , for homogeneous R-bundles over irreducible Hermitian symmetric spaces, see [BB78] and Remark 3.2, and in dimensions n ≤ 5 and n = 7 [AL17] , leaving open the case of the 6-dimensional universal cover SL * (2, R) 2 of SL(2, R) 2 . In this direction, we would like to mention that our methods also yield new results beyond Theorem A, such as the non-existence of left-invariant Einstein metrics on SL * (2, R) k for all k ≥ 2: see Corollary 6.4. The main difficulty in proving Theorem A is that Euclidean spaces admit extremely different presentations as a homogeneous space G/H. Firstly, R n is a solvmanifold, which in dimension n = 3 already provides uncountably many algebraically distinct choices [Bia98] . Diametrically opposed, it is also a homogeneous space for G semisimple, such as R 3k = SL * (2, R) k , k ≥ 1, or R 2m+1 being the universal cover of SO(m, 2)/SO(m), m ≥ 3: see Remark 3.2 for further examples. Finally and more generally, semidirect products of the above cases occur.
Next, we restate the following important classification result of Lauret:
Theorem B ( [Lau10] ). Einstein solvmanifolds are standard.
The standard condition, described below, is an algebro-geometric condition introduced and extensively studied by Heber in [Heb98] . For standard Einstein solvmanifolds of fixed dimension, he showed finiteness of the eigenvalue type of the modified Ricci curvature, see below, a result intimately related to the finiteness of critical values of a (real) moment map. Even though a complete classification is out of reach at the moment, see [Lau09] , Theorem A together with [Lau10] and [Heb98] would provide a very precise understanding of all non-compact homogeneous Einstein manifolds, provided the Alexseevskii conjecture holds true.
A Ricci soliton (M n , g) is a Riemannian manifold satisfying ric g +L X g = λ · g, λ ∈ R, where L X g denotes the Lie derivative of g in the direction of a smooth vector field X on M n . Recall now that a homogeneous Ricci soliton on R n gives rise to a homogeneous Einstein space (R n+1 ,ĝ): see [LL14] , [HPW15] . Since by work of Jablonski [Jab15b] Einstein solvmanifolds are strongly solvable spaces, from Theorem A we deduce Corollary C. Homogeneous Ricci solitons on R n are isometric to solvsolitons.
Solvsolitons, introduced in [Lau11] , are homogeneous Ricci solitons admitting a transitive solvable Lie group S of isometries. It is shown in [Jab15a] that S may be chosen to be simplytransitive, such that the Ricci endomorphism satisfies Ric g −λ · Id = D, where D is a derivation of the Lie algebra T e S. It follows that the corresponding Ricci flow solution is driven by the one-parameter group of automorphisms of S corresponding to D. Automorphisms are precisely those diffeomorphisms which preserve the space of left-invariant metrics on S.
A simply-connected homogeneous space is diffeomorphic to R n if and only if all its homogeneous metrics have non-positive scalar curvature [BB78] . As a consequence homogeneous Ricci flow solutions on R n always exist for all positive times [Laf15] . By [BL18] and Corollary C it then follows that any parabolic blow-down of such a solution subconverges to a limit solvsoliton in pointed Cheeger-Gromov topology. Notice that for the semisimple Lie group SL * (2, R) k this means that for generic left-invariant initial metrics the Lie group structure of their full isometry group changes completely when passing to a limit.
Turning to the proof of Theorem A, we would like to mention that all the algebraic structure results for non-compact homogeneous Einstein manifolds developed in [LL14] , [JP17] and [AL17] yield for instance no information whatsoever for the presentation R 3k = SL * (2, R) k . Therefore, a purely algebraic proof of Theorem A is elusive at the moment. To overcome this, we prove that homogeneous Euclidean Einstein spaces admit cohomogeneity-one actions by non-unimodular subgroupsḠ of G, with orbit space R. We then show periodicity of the corresponding foliation by orbits, meaning that after passing to a quotient, which is still homogeneous, the orbit space becomes S 1 , and that the integral of the mean curvature of the orbits over the orbit space vanishes, a condition we call integral minimality. This then reduces the proof of Theorem A essentially to the following second main result of this paper.
Theorem D. Suppose that (M n , g) admits an effective, cohomogeneity-one action of a Lie groupḠ with closed, integrally minimal orbits and M n /Ḡ = S 1 . If in addition (M n , g) is orbitEinstein with negative Einstein constant, then all orbits are standard homogeneous spaces.
A cohomogeneity-one manifold (M n , g) is called orbit-Einstein with negative Einstein constant, if for λ < 0 we have ric g (X, X) = λ · g(X, X) for all vectors X tangent to orbits. Generalizing [Heb98] , we say that a homogeneous space (Ḡ/H,ḡ) is standard, if the Riemannian submersion induced by the free isometric action of the maximal connected normal nilpotent subgroupN ≤Ḡ onḠ/H has integrable horizontal distribution: see Definition 2.1.
Finally, let us mention that Theorem D immediately implies Theorem B when applying it to the Riemannian product of a circle and an Einstein solvmanifold. Other non-existence results on homogeneous and cohomogeneity-one Einstein metrics include [WZ86] , [Böh99b] , [Nik00] , [Böh05] , [JP17] , [AL17] .
We turn now to the proof of Theorem D. Since theḠ-orbits form a family of equidistant hypersurfaces in M n , we write g = dt 2 + g t , t ∈ R, for a smooth curve of homogeneous metrics g t onM =Ḡ/H. By the Gauß equation, the Riccati equation and [Böh99a] , the orbit-Einstein equation (4) on (M n , g) with Einstein constant −1 can be considered as the following 'second order Ricci flow' on the space of homogeneous metrics onM : Using the orbit-Einstein equation for (M n , g) and the compactness of the orbit space we establish a maximum principle for the real-valued function h(t) := h(g t ): see Lemma 1.3 and Lemma 2.5. This yields an upper bound for 2h given by tr β + = n − 1/ β 2 ≥ 0. Here β is the stratum label of the homogeneous spaceḠ/H, a self-adjoint endomorphism, coming from the Morse-type, Ness-Kirvan stratification of the space of Lie brackets on T eḠ introduced by Lauret [Lau10] : see Appendix B and [BL18] . From this a priori estimate for h we establish in Lemma 2.6 the existence of a Lyapunov function for the orbit-Einstein equation. Using that the orbits are integrally minimal it follows that this Lyapunov function is periodic, hence constant. As a consequence, several inequalities become equalities and Theorem D follows.
Finally, we indicate how Theorem D implies Theorem A. Using the standard condition for the given homogeneous Einstein space (R n = G/H, g), see [LL14] , and all the codimension-one orbits, one shows that the simple factors of a Levi factor L ≤ G are pairwise orthogonal: see Proposition 6.1. Together with the condition G/H ≃ R n , this implies that the induced metric on L/H is awesome, that is, it admits an orthogonal Cartan decomposition. This leads to a contradiction by [Nik00] , unless the Levi factor is trivial, in which case G is solvable.
The article is organized as follows. In Section 1 we discuss the cohomogeneity one Einstein equation and derive the evolution equation for h(t) induced by (1). In Section 2 we prove Theorem D by establishing a maximum principle for h and by defining a new Lyapunov function for (1). In Section 3 we introduce the assumption M ≃ R n which will be used from here on, and characterise certain minimal presentations of homogeneous Euclidean spaces and prove their periodicity in Section 4. In Section 5 integral minimality of the so called Levi presentations is shown, and finally, in Section 6 we prove Theorem A and Corollary C. In Appendix A we address elementary algebraic properties of homogeneous spaces, and Appendix B contains the necessary preliminaries on GIT and the β-endomorphism associated to a homogeneous space.
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The cohomogeneity-one Einstein equation
LetḠ be a connected Lie group acting on a complete, connected Riemannian manifold (M n , g) by (g, p) → g · p for g ∈Ḡ and p ∈ M n . We assume that the action is proper, isometric, effective and with cohomogeneity one. By [Kos65] , properness ensures that the orbits are embedded submanifolds, and that the isotropy subgroups are compact.
Let us in addition assume that all orbits are principal. Then by [Pal61] , the orbit space M n /Ḡ is diffeomorphic to R or S 1 . Choose γ : R → M n a unit speed geodesic intersecting all orbits orthogonally, and set Σ t :=Ḡ · γ(t). Let N denote the unit normal vector field of the foliation Σ t of M n with γ ′ (t) = N γ(t) for all t ∈ R. Then, all integral curves of N are unit speed geodesics intersecting allḠ-orbits Σ t orthogonally.
Infinitesimally, theḠ-action induces a Lie algebra homomorphismḡ := Lie(Ḡ) → X(M n ) assigning to each X ∈ḡ a Killing field on (M n , g), also denoted by X, and given by (2)
Since the flow of Killing fields consists of isometries, it maps geodesics onto geodesics, and consequently [X, N ] = 0 where [ · , · ] denotes the Lie bracket of smooth vector fields on M n . Since Σ 0 is a principal orbit, the isotropy subgroupH :=Ḡ γ(0) at γ(0) fixes all points γ(t), henceḠ γ(t) =H for all t. Seth := Lie(H) and letḡ =h ⊕m be the 'canonical' reductive decomposition:m is the orthogonal complement ofh inḡ with respect to the Killing form Bḡ ofḡ. By (2) we obtain for all t an identification
which will be used constantly in what follows. In particular, the metric g on M n induces a family of Ad(H)-invariant scalar products (g t ) t∈R onm.
Let L t ∈ End(m) denote the shape operator of Σ t at γ(t) evaluated on Killing fields:
Here ∇ denotes the Levi-Civita connection of (M n , g).
Lemma 1.1. The scalar products (g t ) t∈R onm evolve by g
Let ric t ∈ Sym 2 (m) denote the Ricci curvature of (Σ t , g t ) at γ(t), and Ric t ∈ End(m) the g t -symmetric Ricci operator defined by
Proof. The Gauss equation for the hypersurface Σ t ⊂ M n gives
for Killing fields X, Y ∈m, where R N X = Rm g (X, N )N . The claim now follows from the Riccati equation
A Lie groupḠ is unimodular if tr ad(X) = 0 for all X ∈ḡ, ad(X) :ḡ →ḡ, Y → [X, Y ]. IfḠ is not unimodular, then it contains a normal, unimodular subgroupḠ u with Lie algebrā g u := {X ∈ḡ : tr ad(X) = 0}. It follows that eachḠ-orbit (Σ t , g t ) is foliated by pairwise isometricḠ u -orbits of codimension one with aḠ-invariant mean curvature vector field. At the point γ(t) ∈Ḡ u · γ(t) ⊂ Σ t we can consider this mean curvature vector as H t ∈m, using (3). An algebraic description of H t is given in [Bes87, Lemma 7.32]:
(5) g t (H t , X) = tr ad(X), ∀X ∈m.
t ) satisfies the following evolution equations:
Proof. Differentiating (5) and using Lemma 1.1 we get 0 = g t (H ′ t , X) + 2 g t (L t H t , X) for all X ∈m, which gives the first formula. Using that, we may compute
. Differentiating once more and using Lemma 1.1 again we obtain Definition 2.1. We call the homogeneous space (Ḡ/H,ḡ) standard, if theḡ-orthogonal complement of the nilradicaln -the maximal nilpotent ideal inḡ-is a Lie subalgebra ofḡ.
Recall that Bḡ(n,ḡ) = 0, thusn ⊂m (see [BL18, Lemma 5 .1]), and note that this definition does not depend on the way the scalar product is extended. Geometrically, standardness means that the submersion given by the isometric action of the nilradicalN ≤Ḡ (Lie(N) =n) on (Ḡ/H,ḡ) has integrable horizontal distribution.
Turning to the proof of Theorem D, recall that we denoted byH =Ḡ γ(t) the isotropy at the points γ(t) of a normal, unit-speed geodesic, see Section 1. Consider the endomorphism β ∈ End(ḡ) associated to the homogeneous spaceḠ/H after fixing the background metric g := g 0 , as explained in Appendix B. We may write the family (g t ) t∈R of scalar products onm induced by g as g t = q t ·ḡ, for some smooth curve (q t ) t∈R in GL(m) with q 0 = Idm, see (18) . By Lemma A.1 and the discussion around (22) we may even assume that
where QH β (m) := Q β ∩ GL(m), see (21), and Q β ⊂ GL(ḡ) is the parabolic subgroup associated to β, defined in Appendix B.
By Theorem B.2, the endomorphism 1 β 2 β + Id g ofḡ preservesm and its kernel containsh. Moreover, the image of theḡ-selfadjoint, positive-semidefinite endomorphism β + is preciselyn. Thus tr β + ≥ 0. Notice also that the shape operator L t is symmetric with respect to g t , but q −1 t L t q t is symmetric with respect to the background metricḡ.
On the other hand, after extending q T to all ofḡ (as in (19)), we have that q T ∈ Q β by (6) and (21). This, together with Ad f ∈ Aut(ḡ) ⊂ Q β , see Theorem B.2, gives B := q
In particular B commutes with β. Thus, setting A := (Ad f )| m we obtain by Corollary A.3
concluding the proof.
We turn now to an apriori estimate for h, which holds for arbitrary homogeneous spaces:
, prm denotes the projection with respect to the decompositionḡ =h ⊕m, and for an endomorphism E ∈ End(m) we denote its g t -symmetric part by S t (E) = 1 2 (E +E T ) and its g t -norm squared by E 2 t = E, E t := tr(EE T ), transposes taken with respect to the metric g t . By Cauchy-Schwarz inequality we have
Using that q t β + q −1 t and S t (adm(H t )) are g t -symmetric, we may rewrite the latter as
A short computation using that tr β = −1 shows now tr((β + ) 2 ) = tr β + . On the other hand, Theorem B.2 yields ad(H t ) ∈ sl β , and since sl β is an ideal in q β we have q −1 t ad(H t )q t ∈ sl β . Since tr(E β · β) = 0 for all E β ∈ sl β this implies by the very definition of β + that trm q
using (5) and [m,h] ⊂m. This shows the claim.
Lemma 2.5 (Maximum principle). Let (M n , g) be orbit-Einstein with Einstein constant −1 and suppose that M n /Ḡ = S 1 . Then, tr β + ≥ 2 h(t) for all t ∈ R.
Proof. Since β + ≥ 0 by Theorem B.2, h(t) ≡ 0 ≤ tr β + ifḠ is unimodular: see Remark 1.4. IfḠ is not unimodular, then h, tr β + > 0. Since M n /Ḡ = S 1 , h is periodic, since it is defined geometrically: see also Remark 1.4. Thus it attains a global maximum h(t 0 ) > 0, t 0 ∈ [0, T ]. We deduce from Lemma 1.3 and Lemma 2.4 that
Lemma 2.6 (Lyapunov function). Let (M n , g) be orbit-Einstein with Einstein constant −1 and suppose that M n /Ḡ = S 1 . Then
tr Lsds is non-decreasing. If w β is constant, then β + ∈ Der(ḡ) and [q t , β] = 0 for all t ∈ R.
Proof. Thanks to Proposition 1.2 and Definition 2.2 we have
. Regarding the second term, first notice that for X, Y ∈m we have by Lemma 1.1
t L t q t isḡ-symmetric for each t and q −1 t q ′ t ∈ q β = T e Q β by (6) and (21), after extending these linear maps trivially to gl(ḡ), we are in position to apply Lemma B.3 for 
by Lemma 2.5. We conclude that l
showing the first claim. Finally, suppose w ′ β ≡ 0 and set C t := [q t , β] for all t ∈ R. Then from equality in (7) we deduce
Proof of Theorem D. We have T 0 tr L s ds = 0, since by assumption theḠ-orbits are integrally minimal. As a consequence, by Lemma 2.3 and Lemma 2.6, the function w β (t) is monotone and periodic, therefore constant. The rigidity conditions in Lemma 2.6 imply that β
, we see that with respect to g t = q t ·ḡ, the g t -orthogonal complement ofn inḡ is a fixed subspacen ⊥ ofḡ, for all t ∈ R. Since β + g is g 0 -symmetric (and in fact also g t -symmetric for all t ∈ R),n ⊥ = ker β + g . But the kernel of a derivation is always a Lie subalgebra, therefore all orbits are standard homogeneous spaces as claimed.
Remark 2.7. When writing g t ( · , ·) = 2ḡ(G t · , ·) for aḠ-invariant background metricḡ on G/H, integral minimality is equivalent to the periodicity of the volume V (t) = det G t because tr L t = V ′ (t)/V (t). Periodicity of V is automatically satisfied ifḠ is unimodular, but a true assumption ifḠ is not: one may declare any smooth curve γ : [0, T ] → M n intersecting all orbits transversally to a normal geodesic if γ ′ (T ) = (dLḡ) · γ ′ (0), see [GWZ08] .
Euclidean homogeneous spaces
The Euclidean space R n can be presented as an effective homogeneous space G/H in many different ways. Here and in what follows, G is a non-compact, connected Lie group and H ≤ G a connected, compact subgroup. Recall that H is compact if and only if G is closed in Iso(G/H, g) for some (and also any) G-invariant metric g: see [DM88, Thm.1.1]. For instance, R n is itself an abelian Lie group, and more generally a solvmanifold, that is R n = G/{e} for any simplyconnected, solvable Lie group G of dimension n. Any non-compact irreducible symmetric space has a presentation R n = L/K with L simple and centerless, and K ≤ L maximal compact. Another possibility is that G is the universal covering group of SL(2, R) and H = {e}, or a product of any of the above examples.
The main aim of this section is to characterize certain effective presentations R n = G/H, where dim G has minimal dimension. Let g = l ⋉ r be a Levi decomposition of Lie(G) = g, by which we mean that l is a maximal semisimple Lie subalgebra and r the radical of g (maximal solvable ideal). Let L, R ≤ G denote the connected Lie sugbroups of G with Lie(L) = l and Lie(R) = r, and suppose that Lie(H) = h ⊂ l. Notice that for non-compact homogeneous Einstein spaces, the structure results yield such a Levi decomposition, see Section 6. Proposition 3.1. Let (R n , g) be a homogeneous Euclidean space with effective presentation R n = G/H, G connected, H compact and dim G minimal. Assume in addition that there exists a Levi decomposition g = l ⋉ r with h ⊂ l. Then, G ≃ L ⋉ R, H is semisimple, and L/H is an R r -bundle over a Hermitian symmetric space of non-compact type.
A Cartan decomposition l = k ⊕ p for the semisimple Lie algebra l is obtained by letting k (resp. p) be the +1 (resp. −1) eigenspace of a Cartan involution σ : l → l, an involutive automorphism of l such that − B l (·, σ·) > 0, where B l denotes the Killing form of l. The pair (k, p) satisfies the bracket relations [ 
If l has no compact simple ideals, we call (l, k) a symmetric pair of non-compact type. The subalgebra k will be called a maximal compactly embedded subalgebra. Notice however, that the corresponding connected Lie subgroup K ≤ L is compact if and only if Z(L) is finite [Hel01, Ch.6, Thm.1.1].
A special class of symmetric spaces are the Hermitian symmetric spaces, see [Hel01, Ch. VIII, Thm.6.1] or [Bes87, 7.104]. Irreducible ones correspond to irreducible symmetric pairs (l, k) with dim z(k) = 1. Writing k = z(k) ⊕ k ss , we obtain a homogeneous space L/K ss , which is an S 1 -bundle over the Hermitian symmetric space L/K = R k (assuming L has finite center). As a consequence, the universal covering space of L/K ss , still being a homogeneous space, is diffeomorphic to R k+1 and on Lie algebra level still presented by the pair (l, k ss ). As a smooth manifold it is an R-bundle over L/K. Considering products of such R-bundles we obtain more complicated presentations L/H = R n , which on Lie algebra level can be described as follows:
) is an irreducible Hermitian symmetric pair of non-compact type, 1 ≤ i ≤ r, and z(h) is a proper subalgebra of z(k 1 ⊕ · · · ⊕ k r ). Now h is semisimple if and only if z(h) = 0, in which case the homogeneous space L/H corresponding to such pairs (l, h) will be called an R r -bundle over a non-compact Hermitian symmetric space.
Remark 3.2. Irreducible Hermitian symmetric spaces L/K of non-compact type are given by (sl(2, R), R), (su(p, q), R ⊕ su(p) ⊕ su(q)), p ≥ q ≥ 1, (p, q) = (1, 1), (2, 2), (so * (2n), R ⊕ su(n)), n ≥ 5, (sp(n, R), R ⊕ su(n)), n ≥ 2, (e 6 , R ⊕ so(10)), (e 7 , R ⊕ e 6 ) and (so(m, 2), R ⊕ so(m)), m ≥ 3, called hyperquadrics: see [BB78] [p.569].
We now describe the space M L/Kss of L-invariant metrics on L/K ss . We will show that for any g ∈ M L/Kss there exists a Cartan decomposition
Proof. The universal coverG of G acts transitively and almost-effectively on (R n , g), with connected isotropyH at 0, since R n is simply-connected. Thus, ifL,R ≤G denote the connected Lie subgroups with Lie algebras l, r, respectively, then h ⊂ l impliesH ≤L. Moreover, sinceG is simply-connected,G ≃L ⋉R [Var84, 3.18.13]. We have G =G/ ker τ , where τ :G → Iso(R n , g) is the morphism defining the action. Clearly ker τ ≤H, thus G ≃ L ⋉ R, where R ≃R is simply-connected and L ≃L/ ker τ . 
is an abelian extension of h, that is, k ss := [k, k] ⊂ h, and (l, k) is a symmetric pair of non-compact type.
Proof. Since L is semisimple, Ad : L → GL(l) has discrete kernel and Lie(Ad(L)) = l. Moreover, the compact subgroup Ad(H) is contained in a maximal compact subgroup K of the centerless semisimple Lie group Ad(L). By [Hel01, Ch.6, Thm.1.1], k := Lie(K) is the fixed point set of a Cartan involution. The corresponding Cartan decomposition l = k ⊕ p satisfies h ⊂ k.
We now show that [k, k] ⊂ h. Let K, K ss := [K, K] be the connected Lie subgroups of G with Lie algebras k, k ss , respectively. It is well-known that G/H = R n if and only if H is a maximal compact subgroup of G, see for instance [LL14, Prop.3.1]. The group K ss is semisimple and has a compactly embedded Lie algebra k ss ⊂ k, therefore it is compact. By uniqueness of maximal compact subgroups, there exists x ∈ G such that xK ss x −1 ⊂ H. At Lie algebra level this implies that Ad(x)(k ss ) ⊂ h ⊂ k. But the Lie algebra k = k ss ⊕ z(k) has a unique maximal semisimple ideal, therefore we must have k ss = Ad(x)(k ss ) and k ss ⊂ h as claimed.
To prove the last claim let l c (resp. l nc ) be the sum of all simple ideales of l of compact (resp. non compact) type, and let L c , L nc ≤ L be the corresponding connected Lie subgroups. The ideal l c is the unique maximal semisimple ideal of compact type in l. Arguing as above, since L c is compact, there exists x ∈ G such that xL c x −1 ≤ H, thus Ad(x)(l c ) ⊂ h ⊂ l. Then l c = Ad(x)(l c ) by uniqueness, and l c ⊂ h. It then follows easily that the connected subgroup of G with Lie algebra l nc ⋉ r is closed in G by Lemmas 3.3 and A.4, and acts transitively on G/H. This contradicts minimality of dim G, unless l c = 0, and the conclusion follows.
In order to prove the last part of Proposition 3.1 let us introduce the following class of subgroups of G, which will be very important in the sequel. 
Let L i ≤ L denote the connected Lie subgroup with Lie algebra l i . Since the Iwasawa decomposition holds at the group level, we have
Recall that for a connected semisimple Lie group, L i is closed in L for all i = 1, . . . , r, by Lemma A.4. Then the lemma follows from the fact thatL
Lemma 3.7. Under the assumptions of Proposition 3.1, if l = k ⊕ p is a Cartan decomposition with h ⊂ k, then h = k ss .
Proof. Thanks to Lemma 3.4, we only need to prove that z(h) = 0. Assume on the contrary that z(h) projects nontrivially onto z(k 1 ). This means that there exists Z ∈ z(h) such that
in the notation of (9). LetḠ ≤ G be an Iwasawa subgroup associated to (l 1 , k 1 ). We claim that g = h +ḡ, which would follow from k 1 = k ss 1 ⊕ z(k 1 ) ⊂ h +ḡ. By Lemma 3.4 it suffices to show that z(k 1 ) ⊂ h +ḡ, which follows from (10), since dim(z(k 1 )) = 1.
NowḠ acts transitively on G/H by the above claim, effectively because G acts effectively, and with compact isotropy, since this is equivalent toḠ being closed in the isometry group of g, which holds thanks to Lemma 3.6 and the fact that G is closed in Iso(R n , g). But dimḠ < dim G, and this contradicts the minimality of dim G.
Periodicity
In this section we show that after passing to a quotient we may assume that Iwasawa subgroups act on R n = G/H with cohomogeneity one and orbit space S 1 . The most basic example for periodicity is given by the universal coverG ≃ R 3 of G = SL(2, R). Since SL(2, R) = Γ\G for some discrete subgroup Γ ≤ Z(G), for any left-invariant metricg onG there is a leftinvariant metric g on SL(2, R) locally isometricg. Now from any Iwasawa decomposition SL(2, R) = KAN one gets a solvable subgroupḠ = AN ≤ SL(2, R) acting on (M 3 = SL(2, R), g) with cohomogeneity one and orbit space K ≃ SO(2) ≃ S 1 .
Proposition 4.1 (Perodicity). Let (R n = G/H, g) be an effective presentation, H compact and dim G minimal, and let g = l ⋉ r be a Levi decomposition with h ⊂ l. Then, there exist a discrete, central subgroup Γ ≤ G for which (
, is a homogeneous space locally isometric to (R n , g) such that any Iwasawa subgroupḠ ≤ G Γ acts on M n with cohomogeneity one, embedded orbits and orbit space S 1 .
Proof. By Proposition 3.1 we have a global Levi decomposition G ≃ L ⋉ R. Let Γ := Z(G) ∩ L, a central subgroup of G and L, hence discrete by semisimplicity. It is not hard to see that the group G Γ := G/Γ acts transitively on the double coset Γ\G/H, with isotropy
Since G Γ and H Γ are connected with Lie(G Γ ) = g and Lie(H Γ ) = h, the space of homogeneous metrics on G/H and M n = G Γ /H Γ agrees. Moreover, Iwasawa subgroupsḠ Γ ≤ G Γ will act with cohomogeneity one on M n , and by Lemma 3.6 they are closed in G Γ .
It remains to be shown that the orbit space is S 1 . To that end, ifḠ Γ ≤ G Γ is an Iwasawa subgroup associated to (l 1 , k 1 ), let K 1 ≤ L 1 ≤ L Γ be the corresponding connected Lie subgroups with Lie algebras k 1 ⊂ l 1 , respectively. By Proposition 3.1 (see also (9)) we have k 1 = k ss 1 ⊕ z(k 1 ) with dim z(k 1 ) = 1. Consider now the action of the connected Lie group Z(K 1 ) ⊂ N GΓ (H Γ ) on M n by right-multiplication. Since this action commutes with the action ofḠ Γ by leftmultiplication, the direct productḠ Γ × Z(K 1 ) acts transivtiely on M n . Thus, Z(K 1 ) acts transitively on the orbit space M n /Ḡ Γ . Finally notice, that the group Γ is the kernel of the adjoint representation Ad(G) : 
Integral minimality
Let (R n = G/H, g) satisfy the assumptions of Proposition 4.1 and consider its quotient space (M n = G Γ /H Γ , g Γ ) given by that result. The proof of Proposition 4.1 yields also a global Levi decomposition G Γ = L ⋉ R with H Γ ≤ L. From now on we also assume that at o := eH we have
To ease notation, in what follows we will drop the subscripts Γ and write simply G/H.
Definition 5.1. A homogeneous space (G/H, g) as above satisfying (11) and the conclusion of Proposition 4.1 is said to have a Levi presentation.
The main result in this section is the following Theorem 5.2 (Integral minimality). Let (G/H, g) have a Levi presentation and choose a simple factor l 1 ⊂ l and a maximal compactly embedded subalgebra k 1 ⊂ l 1 . Then, there exists an Iwasawa subgroupḠ ≤ G associated to (l 1 , k 1 ) which acts on G/H with cohomogeneity one, embedded orbits and orbit space S 1 . Moreover,
where tr L t denotes the mean curvature of theḠ-orbits. If l 1 ≃ sl(2, R), then the orbits of any Iwasawa subgroup associated to (l 1 , k 1 ) are in addition minimal hypersurfaces.
In the case of hyperquadrics (l 1 ≃ so(m, 2), see Remark 3.2) it can be shown that thē G-orbits are not minimal hypersurfaces for a generic invariant metric g.
The idea is to reduce the proof to the case G simple. To that end, fix a simple factor l 1 ⊂ l and set l ≥2 := l 2 ⊕ · · · ⊕ l r , so that l = l 1 ⊕ l ≥2 and g 2 := l ≥2 ⋉ r ⊂ g is an ideal. Denote respectively by L ≥2 , G 2 ≤ G the connected Lie subgroups with Lie algebras
Consider the isometric action of G 2 on G/H by left-multiplication. The closed subgroup G 2 acts properly on G/H, and being normal in G, all isotropy subgroups for this action are conjugate. Thus, the orbit space G 2 \G/H is a smooth manifold. It admits a transitive action by G 2 \G =: L 1 with compact isotropy
Letḡ be the unique L 1 -invariant metric on L 1 /H 1 such that we have a Riemannian submersion
Lemma 5.3. The fibres of π are pairwise isometric, minimal submanifolds of (G/H, g).
Proof. Notice that for any x ∈ G we have
Thus any two G 2 -orbits are isometric via an ambient isometry. By Lemma 3.7 h = h 1 ⊕ h 2 is a sum of ideals, with h 2 ⊂ g 2 . Then the isotropy subalgebra of the homogeneous space
Denote by l 1 = h 1 ⊕ m 1 , g 2 = h 2 ⊕ m 2 the corresponding canonical reductive decompositions. Let {U i } be Killing fields in m 2 ⊂ g 2 and let {N j } span the normal bundle of
Since the last expresion is tensorial in N j , by homogeneity we may replace the N j by Killing fields X j ∈ g with X j (o) = N j (o). By (11) and r ⊂ g 2 we have that X j ∈ l. Moreover by adding elements in the isotropy h ⊂ l we may assume that X j ∈ (m 1 ⊕ m 2 ) ∩ l. For each j, formula [Bes87, (7.27)] for the Levi-Civita connection of Killing fields then yields
Here, we have extended g from m = m 1 ⊕ m 2 to all of g by making h ⊥ m, and we denoted by {Z k } k an orthonormal basis of h 2 ⊂ g 2 . Then, the second equality is justified by the fact that
Observe now that since g 2 is an ideal, the map l ∋ X → (ad X)| g2 is a Lie algebra representation. Using that l is semisimple we may write Proof. We know by Proposition 4.1 that the action ofḠ on G/H has those properties. Therefore, to prove the lemma it suffices to show that π gives a bijection betweenḠ-orbits in G/H andL 1 orbits in L 1 /H 1 . To see this, consider the commutative diagram
The map π 2 is a Lie group morphism, and π 1 is L 1 -equivariant (L 1 = G 2 \G). From this one easily deduces that π mapsḠ-orbits ontoL 1 -orbits: π(Ḡ · p) =L 1 · π(p). Now assume that for some p, q ∈ G/H, π(p) and π(q) belong to the sameL 1 -orbit, say π(p) =l 1 · π(q) for somē l 1 = π 2 (x) ∈L 1 ,x ∈Ḡ, and let us show thatḠ · p =Ḡ · q. Write p = xH, q = yH, x, y ∈ G. By the commutative diagram and L 1 -equivariance of π 1 we have
This implies that p andx · q belong to the same G 2 -orbit. Since G 2 ≤Ḡ andx ∈Ḡ, it follows thatḠ · p =Ḡ · q.
If N is a unit normal field to theḠ-orbits in G/H, then N is basic for the Riemannian submersion π and the corresponding vector fieldN on L 1 /H 1 is a unit normal field to thē L 1 -orbits. Also, a normal geodesic γ(t) to theḠ-orbits, γ(0) = eH, is horizontal for π, thus γ(t) = π • γ(t) is a normal geodesic to theL 1 -orbits. The next lemma finally reduces the proof of Theorem 5.2 to the case where G is simple:
Lemma 5.5. The mean curvatures ofḠ · γ(t) andL 1 ·γ(t) coincide for all t ∈ R.
Proof. An orthonormal basis for T γ(t) Ḡ · γ(t) might be chosen by evaluating the vector fields {X i } ∪ {U j } at γ(t), with X i basic for π (horizontal and projectable) and U j ∈ g 2 Killing fields. The mean curvature ofḠ · γ(t) at γ(t) is thus given by
The second sum vanishes thanks to Lemma 5.3. Regarding the first one, notice that being basic, the X i are π-related to vector fieldsX i in L 1 /H 1 , which span the tangent space tō
by a well-known property of Riemannian submersions, which is by definition the mean curvature ofL 1 ·γ(t) atγ(t).
Before finishing the proof of Theorem 5.2, we briefly recall the definition of an Iwasawa decomposition: see [Kna02] or [Hel01] . Let l be the Lie algebra of a simple Lie group L and consider a Cartan decomposition l = k ⊕ p. Let θ ∈ Aut(g) be the corresponding Cartan involution with θ| k = Id k , θ| p = −Id p and B θ (X, Y ) := − B(X, θY ) a positive definite inner product on l, where B = B l denotes the Killing form of l. Choose a maximal abelian subalgebra a ⊂ p, and consider the corresponding root space decomposition
* and Λ ⊂ a * being the set of those nonzero λ's for which l λ = 0. Recall that for λ ∈ Λ we have θl λ = l −λ , from which Λ = −Λ follows. Choose a notion of positivity in a * , so that the set of positive elements a * + is invariant under addition, multiplication by positive scalars, and a * \ {0} = a * +∪ − a * + . Set Λ + := Λ ∩ a * + , and consider the nilpotent subalgebra n := λ∈Λ + l λ .
The subalgebral := a ⊕ n is solvable, and the corresponding connected Lie subgroupL acts on the homogeneous space L/H with cohomogeneity one and with all orbits principal. Here we are using that L/K is an irreducible non-compact Hermitian symmetric space, thus
Proof of Theorem 5.2. By Lemmas 5.4 and 5.5, we may assume that G/H = L/H with L = L 1 simple and with finite center. Let L = KAN be an Iwasawa decomposition andL = AN ≤ L be the corresponding Iwasawa subgroup. Notice also, that the mean curvature ofL-orbits is a function on the orbit space S 1 . Firstly, we assume that l ≃ so(2, m), m ≥ 3. We will show in this case, that allL-orbits are minimal hypersurfaces. To that end, let p = xH ∈ L/H. Using that x ∈ L =LZ(K)H, we may assume without loss of generality that p = kH with k ∈ Z(K). Then at p the isotropy subgroup is also H, and a reductive decomposition is given by
Moreover, if in addition l ≃ sl(2, R) then z(k) and p are the two inequivalent irreducible summands for the isotropy representation: see Remark 3.2. In particular, the metric g restricted to p is a multiple of the Killing form. Notice also that for any Z ∈ z(k) the linear map ad Z preserves p, and (ad Z)| p is skew-symmetric with respect to g.
The mean curvature ofL · p at p is given by tr
we may choose Killing fields Z ∈ z(k), X n ∈ n, such that (Z + X n )(p) = N (p). Using the formula [Bes87] [(7.27)] for the Levi-Civita connection on Killing fields, we compute:
The first term vanishes. Indeed, write
, and using that p ⊥ z(k), each summand equals [Z, P i ], P i , which vanishes because (ad Z)| p is skew-symmetric. The second term equals tr(adl X n ), and this vanishes because adl X n is a nilpotent endomorphism.
If on the other hand we had l ≃ sl(2, R) then h = 0. Choose a Killing field X ⊥ ∈ sl(2, R) so that X ⊥ (p) = N (p) and notice that since sl(2, R) is unimodular,
Finally, let us deal with the most complicated case l ≃ so(2, m), m ≥ 3. To see that we may assume that L is centerless, denote by Z ≤ L its center, a finite normal subgroup contained in K by [HN11] [Prop. 16.1.7]. Since Z normalizesL, its action on L/H by left-multiplication sendsL-orbits toL-orbits. Thus, the mean curvature tr L t considered as a function on the orbit space K/H ≃ S 1 is invariant under the action of Z on said space. If we would know that on Z\K/H ≃ S 1 /Z ≃ S 1 the mean curvature has mean zero, the same would follow for the mean curvature function on K/H. Then we may work with Z\L instead.
We claim that in order to prove (12) it is enough to find an isometric involution f : L/H → L/H fixing o with df o N = −N , which sendsL-orbits toL-orbits. Indeed, in the notation of Section 1, such an isometry must preserve Σ 0 =L · o, o = eH = γ(0), thus f (γ(t)) = γ(−t), f (Σ t ) = Σ −t and df γ(t) N t = −N −t . Since f is an isometry of L/H, the mean curvatures of Σ t and Σ −t with respect to N t and −N −t respectively, coincide. Since tr L s is the mean curvature with respect to N s , tr L s is an odd function on S 1 and (12) holds. Let L be the connected, centerless simple Lie group with Lie algebra so(2, m). Another group with two connected components and the same Lie algebra is given by Let us now choose a maximal abelian subalgebra a of p as follows:
Let l = ⊕ λ∈Λ l λ be the root space decomposition according to a, and set n = ⊕ λ∈Λ + l λ , for some choice of positive roots Λ + ⊂ Λ. Then, the Iwasawa decomposition [Hel01] [Ch. IX, Thm. 1.3] asserts a global decomposition L = KAN, that is L and K × A × N are diffeomorphic, where A, N denote the connected subgroups of L with Lie algebras a, n, respectively. We set L := AN ≤ L, a closed, solvable subgroup acting on L/H with cohomogeneity one and with orbits space SO(2) ≃ S 1 . Notice that H = [K, K] with h ≃ so(m). The isotropy representation of L/H has a one-dimensional trivial factor z(k) = so(2), and p is a sum of two irreducible and equivalent Ad(H)-modules of real type, since m ≥ 3. Thus, given g, after rotating the first two coordinates in R 2×m we may assume without loss of generality that the two rows of B in the matrix representation are g-orthogonal.
Consider now the diagonal element of x = SO(2, m) whose non-zero entries are given by x = diag(−1, 1, −1, 1, Id R m−2 ) (and notice that x ∈ SO(2, m) 0 ). Since conjugating by x preserves Z, it induces an automorphismf of L of order two. Also, x normalizesK, hencef (K) ⊂ K and thereforef (H) = H. In this way,
The Lie algebra automorphism ϕ := df | e : l → l, which one can identify also with conjugation by x in the matrix representation of so(2, m), fixes the subalgebra a, and therefore preserves the root spaces and in particular n. Hencef (L) =L and f (L·p) =L·f (p) for all p ∈ L/H. Next, notice that for all l ∈ L we have
is an isometry, we see that f * g = g. If remains to show that f reverses the orientation of the normal geodesic. To that end notice that the SO(2)-orbit through o (also a geodesic) is also preserved by f , sincef (SO(2)) = SO(2). But on Lie algebra level the action of df | e on so(2) is simply −Id so(2) . Thus the orientation of this curve transversal to the S-orbits is reversed. Clearly the same must hold for the normal geodesic, and this completes the proof. The above argument ensures that we may take dim G to be minimal among all transitive groups, and still ensure that (11) is satisfied. By doing so, we can apply Proposition 4.1 and after quotienting by a discrete group of isometries we obtain another Einstein homogeneous space with Einstein constant −1, which for simplicity we denote by (G/H, g), on which all Iwasawa subgroupsḠ ≤ G act with cohomogeneity one, embedded orbits and orbit space S 1 . In short, (G/H, g) has a Levi presentation (see Definition 5.1).
We turn to the main geometric result in this section: based on Theorem D, we show that the simple factors are pairwise orthogonal.
Proposition 6.1. Suppose that (G/H, g) has a Levi presentation and ric g = −g. Then, any two simple factors
Proof. Let i = 1 and l ≥2 be the unique complementary ideal of l 1 in l, so that l = l 1 ⊕ l ≥2 . By Proposition 3.1, the isotropy subalgebra decomposes as a direct sum of ideals h = h 1 ⊕ h ≥2 with (l 1 , h 1 ) the infinitesimal data of an R-bundle over an irreducible Hermitian symmetric space L 1 /K 1 of non-compact type, h 1 = k ss 1 and h ≥2 ⊂ l ≥2 . By Lemma 3.4 there exists a maximal compactly embedded subalgebra of
LetḠ ≤ G be an Iwasawa subgroup corresponding to (l 1 , k 1 ) as given by Theorem 5.2. Since theseḠ-orbits are integrally minimal, by Theorem D they are standard homogeneous spaces. In order to exploit this property, let l 1 = k 1 ⊕ a 1 ⊕ n 1 be the Iwasawa decomposition for which s 1 := a 1 ⊕ n 1 ⊂ḡ, and let n denote the nilradical of g. Thenn := n 1 ⋉ n is the nilradical ofḡ. Setū :=n ⊥ ⊂ḡ, u := n ⊥ ⊂ g, a := n ⊥ ⊂ r, and recall that in order to define these orthogonal complements we extend the metric g to all of g as in Definition 2.1. Thus,
where ⊕ denotes vector spaces direct sum. We now claim that
To see that, notice that the subspaces u,ū satisfyū ⊂ u∩ḡ = s 1 ⊕l ≥2 ⊕a, the last equality thanks to (11). Also, since (G/H, g) is Einstein, it is also standard by [LL14] . Thus, the orthogonal complements u andū are both Lie subalgebras of g. Sinceū ≃ḡ/n is reductive (that is, the direct sum of a semisimple ideal and the center), [ū,ū] is semisimple and isomorphic to a Levi factor l ≥2 ofḡ (see [Var84, 3.16 
is a Lie algebra direct sum of a solvable and a semisimple ideal, it has exactly one semisimple subalgebra isomorphic to l ≥2 . Hence [ū,ū] = l ≥2 and in particular, n 1 ⊂n ⊥ū ⊃ l ≥2 , which shows (16).
We consider now two different cases. Assume first that h 1 = 0, that is, l 1 ≃ sl(2, R). Then, the reductive complement p 1 of the symmetric pair (l 1 , k 1 ) is an Ad(H)-isotypical summand in L/H: see Remark 3.2. Thus, p 1 · o ⊥ l ≥2 · o. On the other hand, n 1 · o ⊥ l ≥2 · o by (16). If we would know that n 1 · o ⊂ p 1 · o, then from the fact that p 1 · o is of codimension one inside l 1 · o, we could conclude that l 1 · o ⊥ l ≥2 · o and the proof would follow in this case. Suppose on the contrary that n 1 · o ⊂ p 1 · o, which is equivalent to n 1 ⊕ h 1 ⊂ p 1 ⊕ h 1 . Since a 1 ⊂ p 1 , this yields s 1 ⊕ h 1 ⊂ p 1 ⊕ h 1 and by counting dimensions one gets s 1 ⊕ h 1 = p 1 ⊕ h 1 . Using this several times we observe that
Finally suppose that l 1 ≃ sl(2, R). Again we have n 1 · o ⊥ l ≥2 · o by (16). We may apply this argument to different Iwasawa groupsḠ defined by considering other Iwasawa decompositions for sl(2, R), which can be obtained by conjugating with elements in SO(2). By doing so with three different decompositions whose nilradicals are linearly independent, we conclude that l 1 · o ⊥ l ≥2 · o, and this finishes the proof.
Recall the following result, which is a particular case of the main theorem in [Nik00]:
) be a homogeneous space with L semisimple and H compact, and consider a Cartan decomposition l = k ⊕ p with h ⊂ k and a reductive complement
Using this, we are now in a position to prove the following result, which implies Theorem A: Theorem 6.3. If (G/H, g) has a Levi presentation and ric g = −g, then G is solvable.
Proof. By Proposition 6.1 and Remark 3.2, the induced metric on L/H is awesome. In the semisimple case G = L, awesomeness implies the non-existence of Einstein metrics by Theorem 6.2. To deal with the general case we assume that l = 0 and use the structure results [AL17, Theorems 2.1 & 2.4] for non-compact homogeneous Einstein spaces. These results yield that
where θ : l → End(r) is the restriction of the adjoint representation: θ(X) = (ad X)| r , and as usual T o L/H ≃ m for some reductive decomposition l = h ⊕ m. Now let L 1 ≤ L be the connected Lie subgroup with Lie algebra l 1 , one of the simple ideals in l, and set H 1 := L 1 ∩H. It follows by Proposition 6.1 that (L/H, g L/H ) is, at least locally, a Riemannian product of the homogeneous spaces given by the orbits of each of the simple factors. Thus, the induced homogeneous metric
has Ricci curvature also given by (17) Ric g1 = −g 1 + C θ1 , θ 1 := θ| l1 : l 1 → End(r).
By a result of Lauret (Proposition A.1 in the Appendix to [AL15] ), awesomeness implies θ(X) t = −θ(X) for all X ∈ k and θ(X) t = θ(X) for all X ∈ p, where l = k ⊕ p is the Cartan decomposition with k · o ⊥ p · o. In particular C θ | k×k = C θ | k×p = 0 and C θ (X, Y ) = tr θ(X)θ(Y ) for all X, Y ∈ p. Since C θ is an Ad(L)-invariant bilinear form on l, its restriction to each simple factor is a multiple of the Killing form of that factor. Together with (17), this yields
The second identity allows us to apply Theorem 6.2 to the homogeneous space (L 1 /H 1 , g 1 ), and this contradicts the first identity (recall that k 1 is not contained in the isotropy, by the results of Section 3). Therefore, g = r as claimed.
Proof of Theorem A. By the observations made at the beginning of this section, given a homogeneous space (R n , g) with ric g = −g, after passing to a quotient we may assume that it has a Levi presentation. Then by Theorem 6.3, (R n , g) is a solvmanifold.
Another immediate consequence of Theorem 6.3 is the following Corollary 6.4. The group SL(2, R) k admits no left-invariant Einstein metrics for any k ≥ 1.
Proof. Since the group is semisimple and there is no isotropy, it is clear that the presentation is a Levi presentation. Moreover, by [Mil76] it is well-known that this group does not admit flat metrics. Therefore, by non-compactness any left-invariant Einstein metric would satisfy ric g = −g up to scaling, contradicting Theorem 6.3.
Since the Einstein condition is local, the same statement is of course true for any Lie group locally isomorphic to SL(2, R) k , such as its universal cover. It is interesting to remark that this result is in fact not a consequence of Theorem A, because there exist left-invariant metrics on SL * (2, R) which are isometric to a solvmanifold, see [GJ17] . Also, let us point out that this also implies non-existence of left-invariant Ricci soliton metrics on these Lie groups, since by [Jab15a, Thm. 1.3] they must be Einstein.
Finally, we prove another application of Theorem A, stated in the introduction:
Proof of Corollary C. Let (R n , g) be a homogeneous Ricci soliton with ric g +L X g = λ · g. For λ ≥ 0, such solitons are by [Nab10] , [PW09] quotients of the Riemannian product of a compact homogeneous Einstein manifold and a flat Euclidean space. Since our underlying manifold is R n , we may therefore assume λ < 0: see [Mil76] . By [Jab14] there exists a presentation (G/H, g) which makes (R n , g) an algebraic soliton: the Ricci endomorphism at eH is given by Ric g = λ · Id + D, with D the projection onto g/h ≃ T eH G/H of a derivation of g. Notice that D is symmetric, and in particular a normal operator. Using Theorem 3.2 from [HPW15] we obtain a one-dimensional homogeneous Einstein extension (R n+1 =Ĝ/H,ĝ) with ricĝ = λ ·ĝ (with pairwise isometric G-orbits, because G is normal inĜ).
Theorem A and Theorem 1.3 in [Jab15b] imply now that (R n+1 ,ĝ) is an Einstein solvmanifold, which is strongly solvable. As a consequence, by the very definition of strongly solvable, there exists a solvable subgroupŜ ofĜ which acts transitively on (R n+1 ,ĝ). Applying well-known properties of solvmanifolds we may also assume that dimŜ = n + 1, see [GW88] .
Letĝ, g,ŝ denote the Lie algebras of Killing fields of (R n+1 ,ĝ) corresponding to the isometric group actions ofĜ, G,Ŝ, respectively, and set s :=ŝ ∩ g. Since g has codimension one insidê g, s has codimension one insideŝ. Moreover, s spans the tangent space to the G-orbits in G/H, since otherwiserŜ would not be transitive in (R n+1 ,ĝ). The corresponding connected Lie subgroup S of G acts transitively on G/H, thus (G/H, g) is a solvmanifold and finally by [Jab15a, Thm. 1.1] it is isometric to a solvsoliton, as claimed.
Proof. Let L be a Lie group whose Lie algebra splits as a direct sum of semisimple ideals l = l 1 ⊕ l 2 . Let Z(L) be the center of L and consider the universal coverL and the centerless quotientĽ := L/Z(L). Let L i (resp.L i ,Ľ i ) be the connected Lie subgroup of L (resp.L,Ľ) with Lie algebra l i , i = 1, 2.
It is enough to show that L 1 is a closed subgroup of L. For the universal cover this is clear, asL is isomorphic to the direct productL 1 ×L 2 . Notice thatĽ ≃L/Z(L), thusĽ i ≃L i /Z(L 1 ) andĽ is isomorphic to the direct product of the centerless subgroupsĽ 1 ×Ľ 2 . Assume on the contrary that L 1 is not closed in L. This means that its closureL 1 must have strictly larger dimension, and hence its intersection with L 2 must have positive dimension. Let π : L →Ľ denote the projection onto the quotient. Then π(L i ) is connected and with Lie algebra l i , hence equal toĽ i . On the other hand,
From this,L 1 ∩ L 2 ⊂ Z(L), and this is a contradiction since Z(L) is discrete.
